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Abstract
The usual prescription for constructing gauge-invariant Lagrangian is gen-
eralized to the case where a Lagrangian contains second derivatives of fields as
well as first derivatives. Symmetric tensor fields in addition to the usual vec-
tor fields are introduced as gauge fields. Covariant derivatives and gauge-field
strengths are determined.
1 Introduction
Higher-derivative theories have been investigated in various contexts of physics:
higher-derivative terms naturally occur as quantum corrections to lower-derivative
theories; nonlocal theories, for example string theories, are considered to be equiva-
lent to higher-derivative theories; gravity theories with R2 terms are good candidates
to renormalizable theories of gravity.1)
It is pointed out, however, that higher-derivative theories have some crucial
disadvantages:2),3),4) they are unbounded from below; they violate unitarity; they
break down the initial value problem. Several attempts have been made to remove
these faults, but without success.
In the present paper we generalize the usual prescription for constructing gauge-
invariant Lagrangian to the case where higher-derivatives of fields are included. We
expect that this new type of gauge degeneracy could be useful to settle the above-
mentioned problems of higher-derivative theories.
In §2 we consider a generic action that contains arbitrary order derivatives of
fields. Requiring the action be invariant under some not only global but also local
transformations, we get a series of identities. These are generalizations of the usual
Noether’s theorems. In §3 and the followings we restrict ourselves to treating a
simple case where the action has at most second derivatives. Tensor gauge fields
associated with second derivatives are introduced. A series of identities that the
tensor gauge fields as well as the usual vector gauge fields should satisfy are writtten
down in §3. In §4 first and second derivatives of the two kinds of gauge fields are
decomposed to their irreducible components. In §5 we solve the identities to get
covariant derivatives and gauge-field strengths. Summary and discussion are briefly
given in §6.
2 Identities
In this section we consider a generic higher-derivative theories whose action depends
on fields ϕA(x) and their derivatives up to Nth order
S
d
≡
∫
d4xL(ϕA, ∂µϕA, ∂µνϕA, · · · , ∂µ1µ2···µNϕA), (1)
where we have used the abbreviation
∂µ1µ2···µnϕA
d
≡ ∂µ1∂µ2 · · ·∂µnϕA. (2)
The Euler-Lagrange equations are
δS
δϕA
d
≡
N∑
n=0
(−)n∂µ1···µn(∂
A,µ1···µnL) = 0. (3)
Here and hereafter the differentiation
∂A,µ1···µnL
d
≡
∂L
∂∂µ1···µnϕA
(4)
1
always stands for that of weight 1: in the case of L = CAµν∂µνϕA, for example, we
have ∂A,µνL = 1
2!
(CAµν + CAνµ).
Suppose the action is invariant under a ‘global’ infinitesimal transformation with
p independent parameters ǫa
{
δxµ = ǫaXµa (x),
δϕA(x) = ǫ
aNaA(x, ϕ).
(5)
Then p identities follow:5)
δS
δϕA
(NaA − ∂νϕA ·X
ν
a )
+ ∂µ
[
N−1∑
n=0
(
∂A,µα1···αnL
)
↔
∂α1···αn (NaA − ∂νϕA ·X
ν
a ) + LX
µ
a
]
≡ 0, (6)
where the generalized ‘both-side’ derivatives for two arbitrary functions F and G
F
↔
∂µ1···µn G
d
≡
n∑
k=0
(−)k∂µ1···µkF · ∂µk+1···µnG (7)
has been introduced. These identities are also written in the form of
N∑
n=0
∂A,α1···αnL · ∂α1···αn (NaA − ∂µϕA ·X
µ
a ) + ∂µ (LX
µ
a ) ≡ 0. (8)
Generalized Noether currents are given by the bracketed quantities in Eq.(6):
Jµa
d
≡
N−1∑
n=0
(
∂A,µα1···αnL
)
↔
∂α1···αn (NaA − ∂νϕA ·X
ν
a ) + LX
µ
a , (9)
which are conserved when the Euler-Lagrange equations are satisfied
∂µJ
µ
a = 0. (10)
Let us now proceed to ‘local’ infinitesimal transformation. In the present case,
since the action contains up-to-Nth order derivatives, the local version of the trans-
formation (5) can be given as follows:


δxµ = λa(x)Xµa (x),
δϕA(x) =
N∑
n=0
∂µ1···µnλ
a(x) ·Nµ1···µnaA (x, ϕ),
(11)
where λa(x) are p independent arbitrary functions. If we require the action be
invariant under the local (infinitesimal) transformation (11), we get the following
series of identities:
N∑
n=0
∂A,α1···αnL · ∂α1···αn (NaA − ∂µϕA ·X
µ
a ) + ∂µ (LX
µ
a ) ≡ 0, (12)
2
N∑
n=1
nC1∂
A,ν1α2···αnL · ∂α2···αn (NaA − ∂µϕA ·X
µ
a )
+
N∑
n=0
∂A,α1···αnL · ∂α1···αnN
ν1
aA + LX
ν1
a ≡ 0, (13)
N∑
n=2
nC2∂
A,ν1ν2α3···αnL · ∂α3···αn (NaA − ∂µϕA ·X
µ
a )
+
1
2
N∑
n=1
nC1
[
∂A,ν1α2···αnL · ∂α2···αnN
ν2
aA + (ν1 ↔ ν2)
]
+
N∑
n=0
∂A,α1···αnL · ∂α1···αnN
ν1ν2
aA ≡ 0, (14)
N∑
n=3
nC3∂
A,ν1ν2ν3α4···αnL · ∂α4···αn (NaA − ∂µϕA ·X
µ
a )
+
1
3
N∑
n=2
nC2
[
∂A,ν1ν2α3···αnL · ∂α3···αnN
ν3
aA + (ν1ν2ν3–cyclic)
]
+
1
3
N∑
n=1
nC1
[
∂A,ν1α2···αnL · ∂α2···αnN
ν2ν3
aA + (ν1ν2ν3–cyclic)
]
+
N∑
n=0
∂A,α1···αnL · ∂α1···αnN
ν1ν2ν3
aA ≡ 0, (15)
...
∂A,ν1···νNL · (NaA − ∂µϕA ·X
µ
a )
+
1
NCN−1
N∑
n=N−1
nCN−1
×
[
∂A,ν1···νN−1αNαnL · ∂αNαnN
νN
aA + (ν1 · · ·νN–combination)
]
+ · · ·
+
1
NC1
N∑
n=1
nC1
[
∂A,ν1α2···αnL · ∂α2···αnN
ν2···νN
aA + (ν1 · · · νN–combination)
]
+
N∑
n=0
∂A,α1···αnL · ∂α1···αnN
ν1···νN
aA ≡ 0, (16)
1
N+1CN
[
∂A,ν1···νNL ·N
νN+1
aA + (ν1 · · · νN+1–combination)
]
+
1
N+1CN−1
N∑
n=N−1
nCN−1
×
[
∂A,ν1···νN−1αNαnL · ∂αNαnN
νNνN+1
aA + (ν1 · · · νN+1–combination)
]
+ · · ·
+
1
N+1C1
N∑
n=1
nC1
[
∂A,ν1α2···αnL · ∂α2···αnN
ν2···νN+1
aA + (ν1 · · · νN+1–combination)
]
3
≡ 0, (17)
...
1
2N−1CN
[
∂A,ν1···νNL ·N
νN+1···ν2N−1
aA + (ν1 · · ·ν2N−1–combination)
]
+
1
2N−1CN−1
N∑
n=N−1
nCN−1
×
[
∂A,ν1···νN−1αNαnL · ∂αNαnN
νN ···ν2N−1
aA + (ν1 · · ·ν2N−1–combination)
]
≡ 0, (18)
1
2NCN
[
∂A,ν1···νNL ·N
νN+1···ν2N
aA + (ν1 · · · ν2N–combination)
]
≡ 0. (19)
The identities (12) are the same as (8), obtained as the coefficients of λa(x) in the
requirement δS ≡ 0. The coefficients of ∂ν1λ
a, ∂ν1ν2λ
a, · · ·, and ∂ν1···ν2Nλ
a give (13),
(14), · · ·, and (19) respectively.
3 Gauge fields
In this and the following sections, we set N = 2 for the sake of simplicity. The
starting action is therefore
S
d
≡
∫
d4xL (ϕA, ∂µϕA, ∂µνϕA) . (20)
This action is assumed to be invariant under the global internal transformation
{
δxµ = 0,
δϕA(x) = ǫ
aM BaA ϕB(x),
(21)
where M BaA are certain representation matrices of a group G. That means the
Lagrangian L should satisfy the following identities:
∂AL ·M BaA ϕB + ∂
A,µL ·M BaA ∂µϕB + ∂
A,µνL ·M BaA ∂µνϕB ≡ 0. (22)
Next consider the local version of the transformation (21). The transformation
obtained by simply replacing the arbitrary parameters ǫa with arbitrary function
λa(x) {
δxµ = 0,
δϕA(x) = λ
a(x)M BaA ϕB(x)
(23)
does not leave the action invariant. Generalizing the usual prescription for gaugeiza-
tion, we introduce two kinds of gauge fields Baµ(x) andB
a
µν(x): the vector fields B
a
µ(x)
are to be combined with the first derivative ∂µ as usual; the symmetric tensor fields
Baµν(x) are newly introduced to form second-order covariant derivative. It seems
4
natural to assume the following transformation properties for these gauge fields:


δBaµ(x) = λ
b(x)fabcB
c
µ(x) + ∂µλ
a(x),
δBaµν(x) = λ
b(x)fabcB
c
µν(x) +
1
2
[
∂µλ
b(x)fabcB
c
ν(x) + (µ↔ ν)
]
+ ∂µνλ
a(x),
(24)
where fabc are structure constants of G
[Mb,Mc] = f
a
bcMa. (25)
The action S should be extended to incorporate the gauge fields and their derivatives
up to second order:
S1
d
≡
∫
d4xL1
(
ϕA, ∂µϕA, ∂µνϕA;B
a
µ, ∂µB
a
ν , ∂µνB
a
ρ ;B
a
µν , ∂µB
a
νρ, ∂µνB
a
ρσ
)
. (26)
In what form is the Lagrangian L1 to contain the gauge fields and their derivatives?
To answer this question we require that the action S1 be invariant under the local
transformation (23) and (24).
The invariance requirement gives the following series of identities:
∂L1
∂ϕA
M BaA ϕB +
∂L1
∂∂µϕA
M BaA ∂µϕB +
∂L1
∂∂µνϕA
M BaA ∂µνϕB
+
∂L1
∂Bbρ
f bacB
c
ρ +
∂L1
∂∂µBbρ
f bac∂µB
c
ρ +
∂L1
∂∂µνBbρ
f bac∂µνB
c
ρ
+
∂L1
∂Bbρσ
f bacB
c
ρσ +
∂L1
∂∂µBbρσ
f bac∂µB
c
ρσ +
∂L1
∂∂µνBbρσ
f bac∂µνB
c
ρσ ≡ 0, (27)
∂L1
∂∂αϕA
M BaA ϕB + 2
∂L1
∂∂αµϕA
M BaA ∂µϕB
+
∂L1
∂∂αBbρ
f bacB
c
ρ + 2
∂L1
∂∂αµBbρ
f bac∂µB
c
ρ
+
∂L1
∂∂αBbρσ
f bacB
c
ρσ + 2
∂L1
∂∂αµBbρσ
f bac∂µB
c
ρσ +
∂L1
∂Baα
+
∂L1
∂Bbαρ
f bacB
c
ρ +
∂L1
∂∂µBbαρ
f bac∂µB
c
ρ +
∂L1
∂∂µνBbαρ
f bac∂µνB
c
ρ ≡ 0, (28)
∂L1
∂∂αβϕA
M BaA ϕB
+
∂L1
∂∂αβBbρ
f bacB
c
ρ +
∂L1
∂∂αβBbρσ
f bacB
c
ρσ +
1
2
(
∂L1
∂∂αB
a
β
+
∂L1
∂∂βBaα
)
+
∂L1
∂Baαβ
+
1
2
(
∂L1
∂∂αB
b
βρ
+
∂L1
∂∂βBbαρ
)
f bacB
c
ρ +
(
∂L1
∂∂αµB
b
βρ
+
∂L1
∂∂βµBbαρ
)
f bac∂µB
c
ρ ≡ 0, (29)
1
3
(
∂L1
∂∂αβBaγ
+
∂L1
∂∂βγBaα
+
∂L1
∂∂γαB
a
β
)
+
1
3
(
∂L1
∂∂αB
a
βγ
+
∂L1
∂∂βBaγα
+
∂L1
∂∂γB
a
αβ
)
+
1
3
(
∂L1
∂∂αβBbγρ
+
∂L1
∂∂βγBbαρ
+
∂L1
∂∂γαB
b
βρ
)
f bacB
c
ρ ≡ 0, (30)
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16
(
∂L1
∂∂αβB
a
γδ
+
∂L1
∂∂αγB
a
βδ
+
∂L1
∂∂αδB
a
βγ
+
∂L1
∂∂γδB
a
αβ
+
∂L1
∂∂βδBaαγ
+
∂L1
∂∂βγB
a
αδ
)
≡ 0. (31)
Solving these identities will determine the forms of covariant derivatives and gauge-
field strengths, through which the gauge fields and their derivatives are contained
in the Lagrangian L1. This is the task of the next two sections.
4 Irreducible decomposition
To solve the identities it is useful to decompose the derivatives of the gauge fields
into their irreducible components. This is done by using Young’s prescription and
by taking into account symmetric properties such as ∂µν = ∂νµ and B
a
µν = B
a
νµ.
The first and second derivatives of Baµ are decomposed as
F
(i)
αβ
d
≡ Φ
(i)µν
αβ ∂µBν , (i = 1, 2) (32)
C
(i)
αβγ
d
≡ Γ
(i)λµν
αβγ ∂λµBν , (i = 1, 2) (33)
where 

Φ
(1)µν
αβ
d
≡
1
2
(
δµαδ
ν
β + δ
µ
βδ
ν
α
)
d
≡ δµναβ ,
Φ
(2)µν
αβ
d
≡
1
2
(
δµαδ
ν
β − δ
µ
βδ
ν
α
)
;
(34)
and 

Γ
(1)λµν
αβγ
d
≡
1
3
(
δ
λµ
αβδ
ν
γ + δ
λµ
βγδ
ν
α + δ
λµ
γαδ
ν
β
)
,
Γ
(2)λµν
αβγ
d
≡
1
4
(
2δλµαβδ
ν
γ − δ
λµ
βγδ
ν
α − δ
λµ
γαδ
ν
β
)
.
(35)
The first and second derivatives of Baµν are decomposed as
D
(i)
αβγ
d
≡ ∆
(i)λµν
αβγ ∂λBµν , (i = 1, 2) (36)
G
(i)
αβγδ
d
≡ Ξ
(i)κλµν
αβγδ ∂κλBµν , (i = 1, 2, 3) (37)
where 
 ∆
(1)λµν
αβγ
d
≡ Γ
(1)µνλ
αβγ ,
∆
(2)λµν
αβγ
d
≡ Γ
(2)µνλ
αβγ ;
(38)
and

Ξ
(1)κλµν
αβγδ
d
≡
1
6
[(
δκλαβδ
µν
γδ + δ
κλ
γδ δ
µν
αβ
)
+
(
δκλαγδ
µν
βδ + δ
κλ
βδ δ
µν
αγ
)
+
(
δκλβγδ
µν
αδ + δ
κλ
αδ δ
µν
βγ
)]
,
Ξ
(2)κλµν
αβγδ
d
≡
1
6
[(
δκλαβδ
µν
γδ − δ
κλ
γδ δ
µν
αβ
)
+
(
δκλαγδ
µν
βδ − δ
κλ
βδ δ
µν
αγ
)
+
(
δκλβγδ
µν
αδ − δ
κλ
αδ δ
µν
βγ
)]
,
Ξ
(3)κλµν
αβγδ
d
≡
1
8
[
2
(
δκλαβδ
µν
γδ + δ
κλ
γδ δ
µν
αβ
)
−
(
δκλαγδ
µν
βδ + δ
κλ
βδ δ
µν
αγ
)
−
(
δκλβγδ
µν
αδ + δ
κλ
αδ δ
µν
βγ
)]
.
(39)
The Lagrangian L1 is a function of these irreducible components:
L1 ≡ L2
(
ϕ, ∂µϕ, ∂µνϕ;Bρ, F
(1), F (2), C(1), C(2);Bρσ, D
(1), D(2), G(1), G(2), G(3)
)
.
(40)
6
5 Covariant derivatives and field strengths
For the Lagrangian L2 the identities (31) reduce to
∂L2
∂G
(1)a
αβγδ
≡ 0. (41)
These identities tell the fact that the Lagrangian L2 is independent of G
(1):
L2 ≡ L3
(
ϕ, ∂µϕ, ∂µνϕ;Bρ, F
(1), F (2), C(1), C(2);Bρσ, D
(1), D(2), G(2), G(3)
)
. (42)
The identities (30) are rewritten for the Lagrangian L3 as
∂L3
∂C
(1)a
αβγ
+
∂L3
∂D
(1)a
αβγ
+
1
3
∂L3
∂G
(2)b
µνρσ
f bac
(
Ξ(2)αβγδµνρσ + Ξ
(2)βγαδ
µνρσ + Ξ
(2)γαβδ
µνρσ
)
Bcδ ≡ 0. (43)
These identities show that the Lagrangian L3 should have D
(1) in the form of
L3 ≡ L4
(
ϕ, ∂µϕ, ∂µνϕ;Bρ, F
(1), F (2), C˜(1), C(2);Bρσ, D
(2), G˜(2), G(3)
)
, (44)
where
C˜
(1)a
αβγ
d
≡ C
(1)a
αβγ −D
(1)a
αβγ , (45)
G˜
(2)a
αβγδ
d
≡ G
(2)a
αβγδ − f
a
bcΞ
(2)µνρσ
αβγδ D
(1)b
µνρB
c
σ. (46)
The Lagrangian L4 changes the form of the identities (29) into
∂L4
∂∂αβϕA
M BaA ϕB
+
∂L4
∂C
(2)b
µνρ
f bacΓ
(2)αβγ
µνρ B
c
γ −
1
2
∂L4
∂D
(2)b
µνρ
f bac∆
(2)γαβ
µνρ B
c
γ
+
∂L4
∂G˜
(2)b
µνρσ
{
f bac
[
Ξ(2)αβγδµνρσ B
c
γδ +
(
Ξ(2)αγβδµνρσ + Ξ
(2)βγαδ
µνρσ
)
F
(2)c
γδ
]
+f deaf
b
dcΞ
(2)ξηζυ
µνρσ ∆
(1)αβγ
ξηζ B
c
υB
e
γ
}
+
∂L4
∂G
(3)b
µνρσ
f bacΞ
(3)αβγδ
µνρσ
(
−F
(1)c
γδ +B
c
γδ
)
+
∂L4
∂F
(1)a
αβ
+
∂L4
∂Baαβ
≡ 0. (47)
They require that the gauge fields Baµν be incorporated into L4 in the form of
L4 ≡ L5
(
ϕ, ∂µϕ,∇µνϕ;Bρ, F˜
(1), F (2), C˜(1), C˜(2); D˜(2), ˜˜G
(2)
, G˜(3)
)
, (48)
7
where
∇µνϕA
d
≡ ∂µνϕA − B
a
µνM
B
aA ϕB, (49)
F˜
(1)a
αβ
d
≡ F
(1)a
αβ −B
a
αβ , (50)
C˜
(2)a
αβγ
d
≡ C
(2)a
αβγ − f
a
bcΓ
(2)µνρ
αβγ B
b
µνB
c
ρ, (51)
D˜
(2)a
αβγ
d
≡ D
(2)a
αβγ +
1
2
fabcΓ
(2)µνρ
αβγ B
b
µνB
c
ρ, (52)
˜˜
G
(2)a
αβγδ
d
≡ G˜
(2)a
αβγδ − f
a
bc
(
1
2
Ξ
(2)µνρσ
αβγδ B
b
µνB
c
ρσ + 2Ξ
(2)µρνσ
αβγδ B
b
µνF
(2)c
ρσ
)
+ f ebcf
a
edΞ
(2)ξηζσ
αβγδ Γ
(1)µνρ
ξηζ B
b
µνB
c
ρB
d
σ, (53)
G˜
(3)a
αβγδ
d
≡ G
(3)a
αβγδ + f
a
bcΞ
(3)µνρσ
αβγδ B
b
µνF
(1)c
ρσ . (54)
The Lagrangian L5 gives the identities (28) the following form:
∂L5
∂∂αϕA
M BaA ϕB + 2
∂L5
∂∇αµϕA
(
M BaA ∂µϕB −
1
2
f bacM
B
bA B
c
µϕB
)
+
∂L5
∂F
(2)b
µν
f bacΦ
(2)αβ
µν B
c
β
+
∂L5
∂C˜
(1)b
µνρ
f bacΓ
(1)αβγ
µνρ F˜
(1)c
αβ
+ 2
∂L5
∂C˜
(2)b
µνρ
{
f bacΓ
(2)αβγ
µνρ
(
F˜
(1)c
βγ + F
(2)c
βγ
)
−
1
2
f eacf
b
edΓ
(2)αβγ
µνρ B
c
βB
d
γ
}
+
∂L5
∂D˜
(2)b
µνρ
{
f bac∆
(2)βγα
µνρ
(
F˜
(1)c
βγ + F
(2)c
βγ
)
+
1
2
f eacf
b
edΓ
(2)αβγ
µνρ B
c
βB
d
γ
}
+
∂L5
∂
˜˜
G
(2)b
µνρσ
{
f bacΞ
(2)αβγδ
µνρσ
(
−C˜
(1)c
βγδ +
8
3
C˜
(2)c
βγδ +
8
3
D˜
(2)c
γδβ
)
+ f edaf
b
ecΞ
(2)ξηζβ
µνρσ Γ
(1)αγδ
ξηζ B
c
βF˜
(1)d
γδ − 2f
e
acf
b
edΞ
(2)αγβδ
µνρσ B
c
βF
(2)d
γδ
+ f facf
g
fdf
b
geΞ
(2)ξηζδ
µνρσ Γ
(1)αβγ
ξηζ B
c
βB
d
γB
e
δ
}
+
∂L5
∂G˜
(3)b
µνρσ
{
−
8
3
f bacΞ
(3)αβγδ
µνρσ
(
C˜
(2)c
βγδ − D˜
(2)c
γδβ
)
+ f eacf
b
edΞ
(3)αβγδ
µνρσ B
c
βF˜
(1)d
γδ
}
+
∂L5
∂Baα
≡ 0. (55)
From them we find that the gauge fields Baµ should be contained as follows:
L5 ≡ L6
(
ϕ,∇µϕ, ∇˜µνϕ; F˜
(1), F˜ (2),
˜˜
C
(1)
,
˜˜
C
(2)
; ˜˜D
(2)
,
˜˜˜
G
(2)
,
˜˜
G
(3)
)
, (56)
where
∇µϕA
d
≡ ∂µϕA −B
a
µM
B
aA ϕB, (57)
∇˜µνϕA
d
≡ ∇µνϕA −
(
BaµM
B
aA ∂νϕB +B
a
νM
B
aA ∂µϕB
)
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+
1
2
BaµB
b
ν{Ma,Mb}
B
A ϕB, (58)
F˜ (2)aµν
d
≡ F (2)aµν −
1
2
fabcB
b
µB
c
ν , (59)
˜˜
C
(1)a
µνρ
d
≡ C˜(1)aµνρ − f
a
bcΓ
(1)αβγ
µνρ B
b
αF˜
(1)c
βγ , (60)
˜˜
C
(2)a
µνρ
d
≡ C˜(2)aµνρ − 2f
a
bcΓ
(2)αβγ
µνρ B
b
α
(
F˜
(1)c
βγ + F
(2)c
βγ
)
+
2
3
f ebcf
a
edΓ
(2)βγα
µνρ B
b
αB
c
βB
d
γ , (61)
˜˜
D
(2)a
µνρ
d
≡ D˜(2)aµνρ − f
a
bc∆
(2)βγα
µνρ B
b
α
(
F˜
(1)c
βγ + F
(2)c
βγ
)
−
1
3
f ebcf
a
edΓ
(2)βγα
µνρ B
b
αB
c
βB
d
γ , (62)
˜˜˜
G
(2)a
µνρσ
d
≡ ˜˜G
(2)a
µνρσ − f
a
bcΞ
(2)αβγδ
µνρσ B
b
α
(
−C˜
(1)c
βγδ +
8
3
C˜
(2)c
βγδ +
8
3
D˜
(2)c
γδβ
)
− 2f ebdf
a
ecΞ
(2)αγβδ
µνρσ B
b
αB
c
βF
(2)d
γδ
−
1
2
f
f
bdf
g
fcf
a
geΞ
(2)αβγδ
µνρσ B
b
αB
c
βB
d
γB
e
δ , (63)
˜˜
G
(3)a
µνρσ
d
≡ G˜(3)aµνρσ +
8
3
fabcΞ
(3)αβγδ
µνρσ B
b
α
(
C˜
(2)c
βγδ − D˜
(2)c
γδβ
)
+ f ebdf
a
ecΞ
(3)αβγδ
µνρσ B
b
αB
c
βF˜
(1)d
γδ . (64)
The Lagrangian L6 should satisfy the last identities (27) rewritten as
∂L6
∂ϕA
M BaA ϕB +
∂L6
∂∇µϕA
M BaA ∇µϕB +
∂L6
∂∇˜µνϕA
M BaA ∇˜µνϕB
+
∂L6
F˜
(1)b
µν
f bacF˜
(1)c
µν +
∂L6
F˜
(2)b
µν
f bacF˜
(2)c
µν +
∂L6
˜˜
C
(1)b
µνρ
f bac
˜˜
C
(1)c
µνρ +
∂L6
˜˜
C
(2)b
µνρ
f bac
˜˜
C
(2)c
µνρ
+
∂L6
˜˜
D
(2)b
µνρ
f bac
˜˜
D
(2)c
µνρ +
∂L6
˜˜˜
G
(2)b
µνρσ
f bac
˜˜˜
G
(2)c
µνρσ +
∂L6
˜˜
G
(3)b
µνρσ
f bac
˜˜
G
(3)c
µνρσ ≡ 0. (65)
They show the Lagrangian L6 should be an arbitrary G-invariant function of the
arguments. This is our final result.
In the above we have determined the covariant derivatives and gauge-field strengths
step by step. For completeness we express them by using the original gauge fields
and the irreducible components of their derivatives:
∇µϕA = ∂µϕA −B
a
µM
B
aA ϕB, (66)
∇˜µνϕA = ∂µνϕA −B
a
µνM
B
aA −
(
BaµM
B
aA ∂νϕB +B
a
νM
B
aA ∂µϕB
)
+
1
2
BaµB
b
ν{Ma,Mb}
B
A ϕB, (67)
F˜ (1)aµν = F
(1)a
µν − B
a
µν , (68)
F˜ (2)aµν = F
(2)a
µν −
1
2
fabcB
b
µB
c
ν , (69)
˜˜
C
(1)a
µνρ = C
(1)a
µνρ −D
(1)a
µνρ − f
a
bcΓ
(1)αβγ
µνρ B
b
αF
(1)c
βγ + f
a
bcΓ
(1)αβγ
µνρ B
b
αB
c
βγ , (70)
˜˜
C
(2)a
µνρ = C
(2)a
µνρ − 2f
a
bcΓ
(2)αβγ
µνρ B
b
α
(
F
(1)c
βγ + F
(2)c
βγ
)
+
2
3
fabef
e
cdΓ
(2)αβγ
µνρ B
b
αB
c
βB
d
γ , (71)
9
˜˜
D
(2)a
µνρ = D
(2)a
µνρ − f
a
bcΓ
(2)αβγ
µνρ B
b
α
(
F
(1)c
βγ − F
(2)c
βγ
)
+ 2fabcΓ
(2)αβγ
µνρ B
b
αB
c
βγ
−
1
3
fabef
e
cdΓ
(2)αβγ
µνρ B
b
αB
c
βB
d
γ , (72)
˜˜˜
G
(2)a
µνρσ = G
(2)a
µνρσ − 2f
a
bcΞ
(2)αγβδ
µνρσ B
b
αβF
(2)c
γδ + 2f
a
bef
e
cdΞ
(2)αγβδ
µνρσ B
b
αB
c
βF
(2)d
γδ
+ fabcΞ
(2)αβγδ
µνρσ B
b
α
(
C
(1)c
βγδ −
8
3
C
(2)c
βγδ − 2D
(1)c
βγδ +
16
3
D
(2)c
βγδ
)
−
1
2
fabcΞ
(2)αβγδ
µνρσ B
b
αβB
c
γδ + f
a
bef
e
cd
(
Ξ(2)αβγδµνρσ − 2Ξ
(2)αγβδ
µνρσ
)
BbαB
c
βB
d
γδ
−
1
2
fabgf
g
cff
f
deΞ
(2)αγβδ
µνρσ B
b
αB
c
βB
d
γB
e
δ , (73)
˜˜
G
(3)a
µνρσ = G
(3)a
µνρσ + f
a
bcΞ
(3)αβγδ
µνρσ B
b
αβF
(1)c
γδ − f
a
bef
e
cdΞ
(3)αβγδ
µνρσ B
b
αB
c
βF
(1)d
γδ
+
8
3
fabcΞ
(3)αβγδ
µνρσ B
b
α
(
C
(2)c
βγδ + 2D
(2)c
βγδ
)
+ fabef
e
cdΞ
(3)αβγδ
µνρσ B
b
αB
c
βB
d
γδ. (74)
6 Summary and Discussion
In the present paper we have generalized the usual prescription for constructing
gauge-invariant Lagrangian to the case of including second derivatives of fields as
well as first derivatives. By solving a series of identities which follow from generalized
Noether’s theorems, we have found the covariant derivatives and the gauge-field
strengths.
Many problems remain to be solved:
—physical implications of the tensor gauge fiels;
—geometrical meanings of gauging second derivatives;
—extension to space-time symmetries;
—higher-derivative gravity in the light of this new type of gauge theories.
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